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Abstract: This paper discusses the important primitives of superposition and entanglement in 
QIP from physics of spin-1/2 particles. System of spin-1/2 particles present a logical and concep- 
tual candidate to understand Quantum Computing. A pedagogical approach to abstract quantum 
information processing is considered in more concrete physical terms here. 
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1. INTRODUCTION 

Quantum information processing (QIP) is set to 
change computation and communication in a way incon- 
ceivable by our classical perceptions. QIP derives its 
power, not from any revolutionary advances in the ex- 
isting technologies, but from the logical system based on 
the quantum mechanical formalism. The quantum the- 
oretic concepts on which QIP stands are superposition 
and entanglement. 

Superposition refers to the possibility of a system 
existing as a linear combination of different states com- 
mensurate with the given conditions. It manifests in 
the form of observable interference effects between those 
states even in the particle description. Recall that in clas- 
sical mechanics, interference is a characteristic of waves 
not expected of particles. 

Entanglement refers to correlated states of two or 
more particles. There is nothing quantum mechanical 
about correlations per se for example, consider an exper- 
iment in which pairs of particles are created such that 
their total linear momentum is zero. Hence, if the mo- 
mentum of one of the particles of a pair is found to be p 
in some direction then that of the other in that direction 
will certainly be found to be -p. This means that the 
value of the momentum of one particle determines com- 
pletely that of the other i.e there is a correlation between 
their momenta. There is apparently nothing quantum 
mechanical about it. However, if remotely placed mea- 
suring devices are assumed to be uncorrelated then it 
turns out that certain characteristics of correlations be- 
tween systems described quantum mechanically can not 
be reproduced by describing them by classical mechanics 
and probability theory. In fact, the simple example given 
above of pairs of particles created with zero total linear 
momentum was the one used by Einstein , Podolsky and 
Rosen (EPR) [1] to raise issues concerned with non clas- 
sical features of correlations which are a matter of debate 
even today (see [2] and the reference therein for details). 

In this article we intend to explain the concept of 
superposition and entanglement by considering the ex- 
amples of one and two spin-1/2 systems (binary systems). 
We also intend to see the application of superposition and 



entanglement in realm of biological systems. See also the 
articles in reference [3,51. 



2. SUPERPOSITION IN SPIN-1/2 SYSTEMS 

The dynamical state of a particle in classical mechan- 
ics is described by the values of its dynamical observables 
like position q(t) and momentum p(t) as a function of 
time. If the particle is moving in a potential of known 
form then, for given initial conditions, the values of the 
observables can be predicted with certainty, at least in 
principle. However, if the force acting on the particle 
is random then it may not be possible to predict with 
certainty the values of all of its observables. A familiar 
example of this situation is the motion of atoms consti- 
tuting a gas. Every atom in a gas is subject to collisions 
with other atoms. The collisions are random giving rise 
to randomness in the motion of the atoms. The values 
of dynamical observables q, p of an atom in this case can 
not be evaluated deterministically. They are described 
statistically in terms of a probability distribution func- 
tion f( q,p) where f( q,p)dqdp gives the probability that the 
position and momentum of an atom in the gas lie in the 
interval q, q+dq and p, p+dp. The theory predicts aver- 
age values of observables. The theoretical predictions are 
compared with experiments by carrying measurement of 
the observables on a large number of identical systems 
and by averaging the outcomes of such measurements. 

In contrast with the classical theory, quantum theory 
does not assign definite values simultaneously to all the 
observables, like position and momentum, even in poten- 
tials of definite form. It makes only statistical predictions 
about the values of the obervables. Hence, quantum the- 
oretic predictions are compared with average result of 
identical experiments performed on identical systems. 

In quantum theory, an isolated system is represented 
by the vector denoted, following Dirac, by the symbol |) 
called a ket. Thus a particular state of a system may 
be denoted by \^). The vector denoting a state is also 
referred to as a state vector. The set of all the vectors 
representing all the possible states of a system is said 
to constitute the state space. The Dirac notation may 
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be understood, for example, in the familiar language of 
vectors by thinking of the familiar vector notation a or 
as a ket, say \a). In analogy with the familiar three- 
dimensional configuration space, the vector space of the 
states of a system is assigned the following properties: 



• On taking the scalar product of (2)with {aj\ and 
using (1), the expansion coefficients Cj may be seen 
to be given by 



Cj = (a^lV) (3) 



• Like the scalar product a.b between two vectors a 
and b, we define scalar product between the vectors 
in the state space of the system. The scalar product 
between the vectors \tp) and {(p) is denoted by {tp\4>) 
where (| is called a bra. The number {tp\4)) may 
be complex. The scalar product is defined so that 

im = 

• The number -y/ is called the length or the 

norm of the vector j?/;). 

• Two vectors \t{j) |(/)) are said to be orthogonal to 
each other if (^IV") =0 

• Like any other vector in ordinary three dimensional 

space may be represented linear combination 
of three basis vectors, a vector in then may be rep- 
resented in terms of a complete set of vectors called 
a basis. A basis is constituted by any set of linearly 
independent vectors in the state space. The num- 
ber of linearly independent vectors in a given state 
is called its dimension. 

• A basis may be constructed by identifying the pos- 
sible values that an arbitrarily chosen observable 
of the given system can take. There may be more 
than one observables that can be measured simulta- 
neously to any degree of accuracy. However, for the 
sake of definiteness, we assume that only one ob- 
servable, say O, can be measured at a time to any 
degree of accuracy. Let ai,a2, .-..am be the com- 
plete set of values of O with m as the dimension of 
the given state space. The number ai{i = 1, 2....m), 
being observables, are necessarily real. Let jaj) be 
the state of the system when it is known to have the 
value ai{i = 1,2. ...to) for the observable O. It can 
be shown that the set of vectors |al), |a2), , |a3) 

(a,|aj) = dy (1) 

and that it is complete. Hence, any vector in the 
space can be expressed as a linear combination or 
superposition. 

\^)=J2C,\a,) (2) 

i 

The set of vectors {ai\ (i=l,2....m) thus constitutes 
a basis. 



• If a state v(x;tor is represented as in (2) then its 
corresponding bra is represented as 



(V|=^C;(a,| (4) 

• If (1) holds then, invoking also (4), it is straight- 
forward to see that the scalar product between two 
vectors may be written as 



(.^|V)=^A*a (5) 

where 

m 

\<i>)=J2Di\ai) (6) 

i=l 

• If IV') representes a state and if c is a complex num- 
ber then, according to the quantum theory, c \ip) 
represents the same state. We may, therefore rep- 
resent quantum states by the vectors whose norm 
is unity i.e by vectors 1-0) such that {iJj\iJj) = 1. In 
what follows we will assume that the kets are nor- 
malized to unity. Hence if a state \tp) is represented 
as in (2)then the normalization condition demands 
the relation 

m 

i=l 

between the expansion coefficients. The complex 
number d in the expansion (2)is called the proba- 
bility amplitude for the system to be in state \ai). 
What is the physical significance of probability am- 
plitude? 

The physical significance of the probability am- 
plitude is contained in the so called measurement 
problem of the quantum theory. According to it, 
if the possible outcomes of measurement of an ob- 
servable on a system are ai,a2....a„i with the vec- 
tors |ai),|a2), \am) denoting the corresponding 



3 



states, and if the outeomc of a particular act of 
measurement is, say aj then after the measurement 
is over, the system goes over to or collapse to the 
state \a,i). Moreover, if wc repeat the same exper- 
iment on several similarly prepared systems then 
the probability that the result of measurement is 
a-i is given by |Cip. In other words, if wc perform 
measurements of the observable O on a number M 
of systems all of which are in the state given by 
(2)then the outcome of each measurement will be a 
number from the set of real numbers a\^a2----am- 
Let n, be the number of systems which give 
as the result of measurement. Then, in the limit 
M ^ 00, 

|Ci|2 = m/M (8) 
The average value of the observable O then is 

(6) = S™iai|a|2 (9) 

The procedure outlined above, however, determines 
only the magnitude |Cj| of the complex number 

d = \Ci\exp{ie) (10) 

but not its phase 6. Determination of phase re- 
quires phase sensitive measurement. However, we 

do not discuss that issue here. 

It is thus clear that we can not determine the 
state of a system if we have only one copy of it. The 
determination of the state of a system requires a 
large collection of its identical copies. From this we 
conclude that we can not make copies of a quantum 
system if we do not know its state. For, if we have 
one copy of a quantum system in an unknown state 
and if we can make its copy then we can make any 
number of its copies and perform experiments on 
each of those copies to determine its state. That 
amounts to only one copy determining the state 
of the system! Though it is a trivial consequence 
of the measurement postulate of quantum theory, 
the impossibility of making a copy (or cloning) a 
quantum system in an unknown state is referred to 
as no- cloning principle 

We illustrate various notions introduced above 
by way of following two examples: 

• Consider a particle whose spin measurement in any 

direction gives ±ft/2 as the outcome. Consider a 
collection of such spins oriented in the direction e. 
A measurement in the direction e on any spin in 
that collection will give h/2 as the answer. Wc la- 
bel such a collection by the state |l/2,e). Since 
±7i/2 are the only two possible outcomes of mea- 
surement of any spin component of the particle in 
question, its basis states are | ± 1/2, e) where e is 



an arbitrarily chosen direction. These basis states 
are orthogonal to each other i.e (1/2, e| — 1/2, e) = 
0. Consequently, the state of the spin in any di- 
rection can be represented in terms of the states 
I ± 1/2, e). The state space of the system in this 
case is, therefore, two dimensional. 

A spin 1/2 is a reality may be a two state system 
of interest in Nuclear Magnetic Resonance (NMR). 

• Consider an atom with one valence electron. Let 
the energies of the levels that the electron can oc- 
cupy be given hj Ei,E2.... Any measurement of en- 
ergy of the electron would yield one of those values 
of energy as the answer. If a measurement of the 
energy of the electron gives Ei as the answer then 
we say that the atom is in the state \Ei). The set of 
basis vectors in this case is \Ex),\E2).. which means 
that the dimension of the state space is countably 
infinite. 

A particular case of interest is an atom con- 
strained to make transitions between only two of 
its levels, say, the levels \Ei) and \E2) having ener- 
gies El and E2 {E2 > Ei). That can be achieved if 
the atom, initially in a superposition of the states 
\Ei) and \Ei) interacts with a single frequency field 
u! such that oj ~ {E2 — Ei) / h and if for all the other 
energy levels £^ithe detunings \oj—\Ei — Ei\/h\ and 
\co — \Ei — E2\/h\ are sufficiently large. The atom 
in this case is said to be a two level atom driven on 
resonance by the field. [2]. 

Whatever its realization, the state vector repre- 
senting a two-level system may be written, follow- 
ing (2), as \tp) = Co|0) -t-Ci|l) where the states |0) 
and |1) are orthogonal to each other. The states 
|0), |1) may stand, for example, for the spin states 
I ± 1/2, e) or the two states \Ei), \E2) of an atom 
involved in an interaction or the two states of any 
other two- level system. By virtue of (3), the ex- 
pansion coefficients in (10) are given by 



Cj = m (11) 

where j = 0, 1 

These coefficients are, of course, subject to the nor- 
malization condition (7). 

3. SUPERPOSITION VERSUS MIXTURE 

How is the probability arrived at by using the con- 
cept of probability amplitude different from the no- 
tion of probability in the classical theory of proba- 
bility? Consider a two level atom in a superposition 



4 



state (10). As our discussion above indicates, that 
state represents a collection of identical atoms such 
that the valence electron in each of the atoms in 
that collection occupies the energy level Eq with 
the probability |Cop and the energy level Ei with 
the probability |Ci|^. Does it not mean that elec- 
trons in a fraction jCopof that collection occupy 
level Eq and that the electrons in the remaining 
fraction |Ci|^ occupy level Ei? The answer is: No. 
We can not separate the collection of atoms de- 
scribed by the state (10) in to two parts in one of 
which the atoms are in one state and in the other 
state in the remaining part with the size of the two 
parts determined by the above mentioned probabil- 
ities. In other words, the expression (10) does not 
assign "either this" "or that" state to an electron. 
It states that the electron is "simultaneously" in 
the two states. Only when we perform an experi- 
ment to determine which energy state the electron 
is, in that we find the answer as Eq or Ei with the 
number of atoms in one or the other energy level 
determined by the probabilities |Cop and |Cip. Of 
course, once an atom is experimentally found to be 
in a particular level, it remains in that level till dis- 
turbed. After the measurement to determine their 
energy is performed on all the atoms in the given 
collection, that collection separates in two groups. 
In one of the groups all the atoms are in the level 
Eq and in the other all are in the level Ei. If we 
mix these two groups then the probability of pick- 
ing an atom from this collection such that it has 
energy Eq is |Cop and that of picking an atom of 
energy Ei is |Cip. Though this is the same set of 
probabilities as for the superposed state (10), the 
collection of spins in question is represented, not by 
the state (10), but by the mixed state 

p = \Cof\Eo){Eo\ + (12) 

The operator p in the equation above is called the 
density matrix. However, here we do not discuss 
the concept of density matrix. Each atom in the 
collection described by (12) is in "either one" "or 
other" state. 

If you feel uncomfortable with the counterintu- 
itive picture of an electron being simultaneously in 
two levels (instead of being in either one or the 
other level) till an experiment throws it in one or 
the other level then you are not alone. You are in 
the company of none other than Einstein. He ques- 
tioned this apparently peculiar situation by asking: 
" ...does it mean moon is not there till I look at it" ? 
and " God does not play dice" . Howsoever strange 
it might appear, that is how the nature is in the 
eyes of the quantum theory! 



One might wonder, after one finds the atom in 
one or the other level after performing an exper- 
iment, how does one know that it was "simulta- 
neously" in the two levels and not in "cither one" 
"or other" level till then? The answer is: we can 
not distinguish between "simultaneous" and "ei- 
ther" /"or" situation by an experiment that is de- 
signed to determine only the level in which the 
atom is! That is because such an experiment de- 
termines the magnitude |Co| and \Ci\ but not the 
phase of Co or that of Ci . The said two situations 
can be distinguished by experiments which are sen- 
sitive to the phase. 



4. CLASSICAL STATISTICS AND QUANTUM 
MECHANICS OF A SPIN-1/2 SYSTEM 

In this section we examine the similarities and dif- 
ferences between the probabilistic predictions of 
quantum mechanics of a spin 1/2 and compare 
them with the predictions arrived at by its clas- 
sical statistical description assuming that the spin 
is subject to a random force. In the following we 
take h = 1. 

Consider a collection of identically prepared spin- 
1/2 each oriented in the spherical polar direction 
{9, 4>). Let I -I- z) denote the state of a collection of 
spins all in the direction -f-z and let | — z) denote 
the state of a collection of spins all in the direction 
-z. Choosing these state as the basis, we may write 
[2] 

\+; e, <t>) = cos(6'/2)| -I- ^) -I- sin(6l/2) exp(i0)| - z) (13) 

On recalling (2) and the discussion following it, we 
see that a measurement of the z-component of spins 
in the state (13) would give 1/2 as the outcome 
with probability cos'^{0/2) and -1/2 as the outcome 
with probability sin^{9/2). The average value of 
spin in the z-direction will therefore be (cos^(0/2) — 
sin'^{e/2) = cos{e)/2 

Now, let us visualize the spin- 1/2 as a classical 

two-state object. In order to mimick the quantum 
results, we may assume that the spin is undergo- 
ing a random motion as a result of which its pro- 
jection along any direction is not fixed but a ran- 
dom number which assumes the values ±1/2 with 
the same probability as the corresponding quantum 
spin. Thus, if we assume that the quantum spin in 
the direction [0, (fyis, represented by a classical spin 
whose projection along the direction {6, </>) gives 1/2 
as the outcome of measurement with probability 
003^(9/2) and -1/2 as the outcome of measurement 
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with probability sin'^{6/2) then the classical and 
the quantum pictures emerge in complete agree- 
ment. 

There is, however, a catch in the argument above. 
For, recall from the Sec. 2 that statistical aspects are 
brought in the classical picture if the system under 
consideration is under the influence of a random 
force due to its environment. However, the spin 
in our example here is isolated. It is not interact- 
ing with any environment. How do we explain its 
assumed random behavior? A possible way out is 
to assume that the spin interacts with a fictitious 
environment consisting of unknown entities called 
hidden variables. This picture is drawn in analogy 
with the motion of an atom in a gas undergoing ran- 
dom collisions with other atoms. In that case, the 
other atoms constitute hidden entities for an ob- 
server monitoring the motion of a particular atom. 

Thus, if we assume the existence of a fictitious 
environment of hidden variables then the quantum 
mechanical prediction about the average value of 
a component of a spin-1/2 in any direction can be 
mimicked by treating the spin as a classical object. 
The average value of outcome of measurements of 
the component of a spin-1/2 in any direction thus 
does not provide any signature that can distinguish 
quantum and classical theories. 

If the hidden variables theory succeeds in repro- 
ducing all those predictions of the quantum the- 
ory which are in agreement with observations then 
the problem of solving the mystery of quantum me- 
chanics would reduce to solving the mystery of hid- 
den variables. However, the system of two spin- 
l/2s, discussed in Sec. 6 and 7 below brings out the 
shortcomings of the hidden variable theory. 

The failure of the hidden variable theory, as- 
suming the process of measurement to be local, is 
attributable to the property of entanglement dis- 
cussed next. 



5. ENTANGLEMENT 

We have seen that an isolated quantum system is 
described by a set of probability amplitudes each 
for an admissible value of an observable or a set 
of observables which can be measured simultane- 
ously to any degree of accuracy. Consider now a 
system consisting of two subsystems denoted by A 
and B. In principle, quantum theory permits mea- 
surement of any observable of A and any observ- 
able of B simultaneously to any degree of accuracy. 

Let a 1,02, a„i be the complete set of values of 

one of the observables of A with |ai), [02), ■■■■\am) 



denoting the corresponding states. Similarly, let 

61, 62, bm be the complete set of values of one of 

the observables of B with I62), ....|6to) denoting 
the corresponding states. Any state of the com- 
bined system is evidently described by the prob- 
ability amplitudes Cij for observing the set of mn 
amplitudes (oi, aj){i = 1, 2, ...m; j = 1, 2, ...n). The 
number |Cy |^ is the probability for A to have value 
tti when the value of B is bj{i = l,2...m;j = 
1, 2, ...n) as the outcome of the measurement of cor- 
responding observables. The corresponding com- 
bined states are denoted by \ai,bj) = \ai)\bj). A 
general combined state \'ip) is represented by 

\^) =i:ijCij\ai,bj) (14) 

Now, let the probability amplitudes Cij be such 
that they reduce (14) to the factorized form 

w = mm (15) 

where \ipa) is a state of system A alone and j-i/if,) 
is the that of the system B alone. The form (15) 
implies that the systems A and B are uncoupled or 
uncorrelated. 

However, if the combined state of the two sys- 
tems A and B can not be factorized (as in (15)) in 
to a product having a state only of A and a state 
only of B as its factors then it is called an entan- 
gled state. We discuss the significance of entangled 
states by means of the example of two spin- 1 /2s in 
the following sections. 

6. TWO SPIN-1/2 

Consider a system consisting of two spin l/2s de- 
noted by A and B. Following Sec. 5 we can spec- 
ify a state of the system in terms of values of the 
component of spin A along some direction ca and 
those of the components of spin B along the di- 
rection eswhere eX and es may be same or dif- 
ferent directions. The possible states of such a 
system then are linear combinations of the states 
I + el, +eX), I + el, -e^) , | - el, +63) , j - el, -eh) 
where {caC^i,, ebch) = |eael)|ebeB) (whereea,e;, = 
±1) denotes the state of the combined system in 
which the components of spin A along the direction 
el is £0/2 and that of spin B along the direction 
eh is £5/2. Any state of the combined system of 
two spin l/2s may therefore be expressed as 

= ail -I- el,-fel) + a2 \ + eA.-eh) + 

ct?.\-eA,+eh) +aA\-eA,-eh) (16) 
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Clearly, jaipgivcs the probability that the result 
of simultaneous measurement of the component of 
spin A in the direction is 1/2 and that of the 
component of spin B in the direction eg is also 
1/2. Similar interpretation applies to other terms 
in (16). The state (16) will be an entangled state 
if we can not write it in the form (15) with \iPa) 
representing a state of A alone. As an example of 
a non-entangled state, note that if ccj = for i ^ 2 
then \tp) in (16) is of the form (15) with \iPa) = 
I + ba) and \tpB) = \ + eh)- As another example, if 
aj = 1/2 for all i then |^) in (16) can be expressed 
in the factorized form (15) with \iPa) = (I + ^a) + 
I - el))/V2 and |Vb> = (| + es) + | - eB))/V2. 
Consider now the state 

|V) = l/\/2[|e,-e-)-|-e,e-}] (17) 

It may be verified that this state can not be fac- 
torized as in (15). Hence it is an entangled state. 
Since the cocfScient of |e, — e) and that of | — e, e) in 
(17) is zero, it follows that (17) represents a state 
for which the probability of finding both the spins 
aligned parallel or antiparallel to e is zero. 

The question that may be asked is: Can we mea- 
sure the extent of entanglement? In other words, 
can we formulate a criterion according to which 
we can compare the extent of entanglement of two 
states and say that one state is more entangled than 
the other? It turns out that it is possible to con- 
struct a measure of entanglement of a state of a 
system to two spin-l/2s described in terms of a 
state vector as in (16). The state (17) is accord- 
ingly found to be maximally entangled (see [2] for 
details). 

7. SIGNATURE OF NON-CLASSICALITY 

In order to understand the meaning of non- 
classical features, consider the two spin-l/2s pre- 
pared in the maximally entangled state (17). Let 
those spins fly apart. After they are sepa- 
rated and do not interact any longer, measure 
the component of spin A in some direction a 
and that of spin B in another direction b {a 
and b are unit vectors). Repeat the experiment 
N times. These measurements give the num- 
bers N{+a; +b),N{+a; -b),N{-a; +b), N{-a; -6) 
where N(+d; +b) is the number of times the re- 
sult of the said joint measurement on A is 1/2 
when that on B is also 1/2; N{+a; —b) is the num- 
ber of times the result of the said joint measure- 
ment of A is 1/2 when that on B is -1/2 and so 



on. These measurements determine the probabili- 
ties p(ea«; ^bb) = N{eaa; ei,b)/N where p{eaa; £(,6) is 
the probability that the outcome of joint measure- 
ment of the component of spin A in the direction 
a is ea/2 when that of the component of spin B in 
the direction b is eb/2 (with Ca = ±1, Cb = ±1). If 
the spins are in the state (17) then the quantum- 
theoretic expression for this probability is found to 
be given by [2] 

p{€aa; Cbb) = 1/4[1 - eaCba.b] (18) 

From this we infer that the probability of finding 
two spins in the same direction is zero, i.e if a.b — 1 
then p{+a; +b) = p{—a; —b) = 0. This implies that 
if a spin is found to be aligned in any direction a 
then we know that the other spin is aligned along 
—a. This is evidently consistent with the discussion 
following (17). 

From the point of view of the discussion to fol- 
low, we consider the probabilities for the pairs of 
directions from a set of three directions a, b and c. 
Use (18) to show that 

p{+a; +b) + p{+b; +c) - p{+d: +c) = 
l/2[sin\0ab/2) + sin\0bc/2) - sin\eac/2)] (19) 

where Oat, Obc, 6'ocare the angles between the direc- 
tions identified by the respective subscripts. The 
Eq.(19) is quantum theoretic prediction. 

Let us now examine the probabilities on the left 

hand side of (19) by treating the two spins as clas- 
sical two-state objects. In this picture, each of 
the spin component can assume the values ±1/2 
with yet to be specified probabilities. An impor- 
tant identity in the classical description involving 
the probabilities appearing on the left hand side of 
(19) is found by expressing those probabilities in 
terms of joint probabilities in three directions as 
explained next. To that end, consider three direc- 
tions a, b, c and define a joint probability for the 
components of the two spins along those directions 
to have specific values. For example, we define the 
joint probability p(a, b. c; a, &, c) for the components 
of both the spins along the given three directions to 
be 1/2 (the quantities to the left of the semicolon in 
p refer to spin A and those to its right refer to spin 
B). We can in general, define the joint probabilities 
p(±a, ±6, ic; ±a, ±6, ±c). 

Note that the joint probabilities give the proba- 
bility for components in different directions of the 
spins to have definite values simultaneously. We 
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can, of course, measure any component of one spin 
and the same or any other component of another 
simultaneously to any degree of accuracy. How- 
ever, in quantum formalism, wc can not assign def- 
inite values simultaneously to different components 
of same spin. Hence, there is no place for the joint 
probabilities for definite values of the components 
of a spin in different directions in quantum for- 
malism. Hence, following the notation introduced 
above whereby the entries on two sides of the semi- 
colon in p refer to different spin, p(±a; ±6)is a le- 
gitimate quantum mechanical probability but any 
p in which there are more than one entries on any 
side of the semicolon is inadmissible in quantum 
theory. The consequences arrived at below by in- 
voking the notion of joint probability are, therefore, 
strictly classical. 

Next, recall that the probability 2:2, ■■■■Xm) 
for m variables xi, X2, ■■■■Xm may be obtained by 
summing (or integrating) over all the permissible 
values of the n variables Xm+i , Xm+2 Xm+n in the 

probability p(Xi,a;2, ....Xm,Xm+l,Xm+2 Xm+n) of 

m-|-n variables. Hence, the probabilities for two 
variables appearing on the left hand side of (19) 
may be expressed in terms of the; joint probabilities 
for three directions introduc;c;(l above. For example, 

p{+a; +b) = ^p(+a, eib, £2?; £30, +b, €40) (20) 

where the summation is over the f's each taking the 
values ±1. 

Now, we invoke (1) the key property of the en- 
tangled state (17) embodied in (18) namely that 
the probability of finding two spins aligned parallel 
to each other is zero, (2)the relations to the type 

(20) for the probabilities appearing in (19), and (3) 
the requirement that all the probabilities be non 
negative. These conditions lead to the inequality 
[2,4] 

p{+a; +b) + p{+b; +c) - p{+a; -he) > (21) 

called a Bell's inequality. Recall that the corre- 
sponding quantum theoretic result is the equality 
(19). That equality need not respect the inequality 

(21) . A violation of (21) by (19) for some choice of 
directions would constitute a rebuttal of the classi- 
cal description. 

It is not difficult to see that if, for example, 
the three vectors are coplanar and 6ab = ^bc = 
7r/3,6lac = 27r/3, then the value of (19) is -1/4 
which violates (21). Several other inequalities have 
been similarly derived for other situations and the 
experiments carried to confirm violation of Bell's 
inequalities. 



Note from the discussion preceding (21) that of 
the three assumptions leading to the Bell's inequal- 
ity, the first one concerns the preparation of the 
system in a particular state. The fact that such a 
state is a practical reality, the violation of (21) must 
be due to the failure of one or both of other two as- 
sumptions. The second assumption is based on the 
possibility of defining joint probabilities for differ- 
ent components to have definite values. We may, 
therefore, attribute the violation of (21)as confirm- 
ing that the joint probabilities for different compo- 
nents of a spin to have definite values is indeed 
inadmissible. However, if we insist on retaining 
the concept of joint probabilities of all kinds then 
the only reason for the failure of (21) must be the 
failure of the assumption (3)which states that the 
probabilities must be positive. Its failure implies 
that the probabilities are not necessarily positive. 
The concept of negative probabilities, however, has 
no place in the classical theory. Hence, violation 
of a Bell's inequality in any case is a signature of 
non-classicality. 

An entangled state thus exhibits features having 
no classical counterpart. Note that if the state is 
not entangled i.e if it can be factorized as in (15) 
then each of the spin behaves independently of the 
other. We have seen in Sec.4 that a single spin-1/2 
does not exhibit any non-classical property as re- 
gards the averages of spin components. Hence two 
independent spins can not exhibit any non classical 
property implying thereby that a factorizable spin 
state may be mimicked classically. Recall also that 
though the quantum averages of a single spin in a 
superposition state can be reproduced by its classi- 
cal statistical description, that description can not 
reproduce the properties resulting from interference 
between the two states. 

The pillars of QIP, namely superposition and en- 
tanglement thus can not be built by any classical 
prescription! 



8. APPLICATION TO QUANTUM LIFE UNITS 

If we want to go into a deep understanding of the 
phenomenon of superposition and entanglement, 
the question that comes forth is: Whether this phe- 
nomenon of super position and entanglement is re- 
stricted to quantum domain or it plays an impor- 
tant role in the dynamics of living units. Inanimate 
objects in macroscopic world are totally determinis- 
tic, the probability arising in the macroscopic world 
is only due to the lack of knowledge of the sys- 
tem. If wc consider a simple example of coin tossing 
the chance factor that comes into play because we 
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are totally ignorant of the parameters like air resis- 
tance, bias ness of the coin, etc. On the contrary 
quantum mechanics, representing the microscopic 
system, is totally probabilistic, and this probabil- 
ity is not because of the lack of the knowledge of the 
system but fundamentally due to the uncertainty in 
the system given by Heisenberg's Uncertianty prin- 
ciple. 

If we analyze into the dynamics of living units, what 
is then the underlying physics of living units, 'Is it 
classical mechanics or quantum mechanics?' Even 
if we try to find out a correspondence between the 
dynamics of the living system with that of the non 
living systems, still there remains some extensive 
biological processes which are difficult to correlate 
with the quantum or classical world. Though the 
processes like replication, culling of living species 
find different interpretation in quantum world, but 
still there are many processes which are not ex- 
plained in terms of quantum theory. Similarly it is 
important to ask if physical phenomenon like super- 
position and entanglement have certain meaning in 
biological world or not. 

Even if we assume that the phenomenon of su- 
perposition is permissible in the biological domain, 
then how are we going to explain the phenomenon 
of cloning which is allowed for living units? This 
can be probably understood as follows: In the 
quantum world the initial state of the system is 
IV'(O)) = 10 then it undergoes evolution in a linear 
super position of a basis states such as V'c(Olf) 
and after a certain time period t — T it comes 
back to the original state. Then the quantum states 
representing artificial living systems can be copied 

at certain time periods like t = 0, T, 2T, and 

so on. If the living organisms are microscopically 
small and if quantum states are represented as ar- 
tificial living systems, superposition do prevail at 
this level of the living organisms [5]. 
Regarding another important non classical fea- 
ture of 'Entanglement', this can be related with 
the property of interdependency between different 
species which is shown in [5] , process of entangling 
the several copies of the living organisms with one 
of the mutated version. 



9. CONCLUSION 

Thus pillars of QIP namely superposition and en- 
tanglement play an important role in our under- 
standing of physics at the quantum scale. Its ap- 
plication in areas like information processing and 
biological systems carries a lot of promise for tech- 
nological progress and conceptual understanding. 
The pedagogical understanding of QIP primitives 
by physical spin- 1/2 systems gives a new outlook 
to understand how quantum information derives 
its meaning from physics of the quantum. Also it 
motivates us to look for more physical systems as 
resources in information processing. 
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